In this paper we study thermoconvective instabilities appearing in a fluid which is in a cylindrical annulus heated laterally. As soon as the applied temperature gradient reaches a critical value a stationary bifurcation takes place. The problem is modelized with the original Navier Stokes equations by keeping pressure with appropriate boundary conditions. This is a low order formulation which in cylindrical coordinates introduces lower order singularities. The problem is solved numerically by a Chebyshev collocation method easily implemented. The convergence of the method has been proved and the results are in good agreement with those obtained in rectangular domains and in experiments.
Introduction
The problem of thermoconvective instabilities in fluid layers driven by a temperature gradient has become a classical subject in fluid mechanics [1, 2] . It is well known that two different effects are responsible for the onset of motion when the temperature difference becomes larger than a certain threshold: the gravity and the capillary forces. When both effects are taken into account the problem is called Bénard-Marangoni (BM) convection [3] .
Solving numerically hydrodynamical problems of incompressible fluids in closed containers two questions raise, one is the handling of first order derivatives for pressure and the other is finding its boundary conditions [4, 5, 6 ], which are not intuitive. In thermoconvection problems pressure usually is avoided, for instance in Refs. [7, 8] the method of potentials of velocity is used to eliminate it from the equations. This technique raises the order of the differential equations and additional boundary conditions may be required. This is particularly troublesome in cylindrical coordinates where high order derivatives used to causing awkward difficulties. In Ref. [9] the original formulation is used although the use of a particular spectral method allows the removal of pressure. In Ref. [10] the linear stability analysis of two convection problems are solved by keeping the original formulation and taking appropriate boundary conditions for pressure. In this article very good accuracy is obtained both for cartesian and cylindrical coordinates. This method has been succesfully applied to describe experimental results in cylindrical containers [11] . In this paper we use this method to study a BM problem in a cylinder heated laterally.
The physical situation ( Fig. 1) consists of a fluid filling up a container made of two concentric cylinders. The upper surface is open to the air and the fluid is heated laterally through the inner cylinder. This situation corresponds to the experimental one reported in Ref. [12] . Similar situations have been treated theoretically for instance in [13] , however in this work the rotation is considered and the gravity field is along the radial coordinate. About the problem we are treating, as soon as a slight difference of temperature is imposed between the lateral walls, a stationary solution appears which is called basic state. When the difference of temperature between the walls is increased the basic state becomes unstable and it bifurcates to a 3D structure consisting of rolls along the angular coordinate (longitudinal rolls).
The basic state is calculated solving a set of nonlinear equations whereby the first contribution is obtained by a linear approach. To improve the solution we expand the corrections of the unknown fields in Chebyshev polynomials, and we pose the equations at the Gauss-Lobatto collocation points [14] . The bifurcation thresholds are obtained through a generalized eigenvalue problem with the same Chebyshev collocation method. The convergence of the method is studied by comparing different expansions.
The organization of the article is as follows. In Sec. 2 the formulation of the problem with the equations and the boundary conditions is explained. Third section is devoted to the numerical calculation and discussion of the basic state. At fourth section the linear stability of the basic solution and the convergence of the numerical method are studied. At fifth section the conclusions are detailed.
Formulation of the problem
The considered physical situation is shown in Fig. 1 . A horizontal fluid layer of depth d (z coordinate) is in a container limited by two concentric cylinders of radii a and a + δ (r coordinate). The bottom plate is rigid and the top is open to the atmosphere. The inner cylinder has a temperature T max whereas the outer one is at T min . We call ∆T = T max − T min .
The system evolves according to the momentum and mass balance equations and to the energy conservation principle. In the equations governing the system u r , u θ and u z the components of the velocity field u of the fluid, Θ the temperature, p the pressure, r the radio vector and t the time are denoted. The magnitudes are expressed in dimensionless form after rescaling in the following form:
Here κ is the thermal diffusivity, ν the kinematic viscosity of the liquid, ∆T = T max − T min and ρ 0 is the the mean density at the environment temperature T 0 .
The governing dimensionless equations (the primes in the corresponding fields have been dropped) are the continuity equation,
The energy balance equation,
The Navier-Stokes equations,
where the operators and fields are expressed in cylindrical coordinates [5] and e z is the unit vector in the z direction. Here the Oberbeck-Bousinesq approximation has been used. It consist of considering only in the buoyant term the following density dependence on temperature ρ = ρ 0 [1 − α (T − T 0 )], where α is the thermal expansion coefficient. The following dimensionless numbers have been introduced:
where g is the gravity constant. P r is the Prandtl number which is assumed to have a large value and R the Rayleigh number, representative of the buoyancy effect.
Boundary conditions
We discuss now the boundary conditions (bc). On top a flat undeformable surface is considered, which implies the following condition on the velocity,
The variation of the surface tension with temperature is introduced:
, where σ 0 is the surface tension at temperature T 0 , γ is the constant rate of change of surface tension with temperature (γ is positive for most current liquids). This effect supplies the Marangoni conditions for the velocity fields which in dimensionless form are,
Here M = γ∆T d/ (κνρ 0 ) is the Marangoni number. In our particular problem the Rayleigh and the Marangoni numbers are related as follows M = 0.023R, so buoyancy effects are dominant. The remaining boundary conditions correspond to rigid walls and are expressed as follows,
where a * = a/d and δ * = δ/d. For temperature we consider the dimensionless form of the Newton law for heat exchange at the surface,
where B is the Biot number fixed to B = 1.25. At the bottom a linear profile is imposed, while in the lateral walls temperature is constant
Due to the fact that pressure is kept in the equations, additional boundary conditions are needed, which are obtained by the continuity equation at z = 1 and the projection of the momentum equations on r = a * , r = a * + δ * , z = 0, performed on the unitary vector normal to the respective surfaces [10] .
Basic state
As soon as the lateral walls are at different temperatures and a horizontal temperature gradient is settled at the bottom, a stationary convective motion appears in the fluid. In contrast to the classical Bernárd-Marangoni problem with uniform heating, here the basic state is not conductive, but convective. In order to calculate it, for computational convenience, the following change has been performed:
. After these changes, and since the basic state has radial symmetry (there is no dependence on θ) the steady state equations in the infinite Prandtl number approach become (the primes have been dropped),
where
. The boundary conditions are now as follows,
Numerical method
We have solved numerically Eqs. (13)- (16) together with the boundary conditions (17)-(24) by a Chebyshev collocation method. This approximation is given by four perturbation fields u r (r, z) , u z (r, z) , p (r, z) and Θ (r, z) which are expanded in a truncated series of orthonormal Chebyshev polynomials:
Expressions (25)- (28) are replaced into the equations (13)- (16) The system has not maximun rank because pressure is only determined up to a constant value. Since this value is not affecting to the other physical magnitudes, we replace the evaluation of the projection of the momentum equations at (r j=N = 1, z j=4 = cos(π(1 − 4/M))) by a value for the pressure at this point, for instance p = 0. To solve the obtained set of nonlinear equations a Newton-like iterative method is used. In a first step the nonlinearity is discounted and a solution is found by solving the linear system. It is corrected by small perturbation fields:ū r (r, z) ,ū z (r, z) ,p (r, z) andΘ (r, z) ,
in such way that solutions at i + 1 step are obtained after solving Eqs. (13)- (23) linearized around the approach at step i. The considered criterion of convergence is that the difference between two consecutive approximations in l 2 norm should be smaller than 10 −9 .
Results on the basic state
In Figs. 2 and 3 we show respectively the obtained temperature and velocity fields. They are very similar to those of Ref. [15] where the problem is posed in a rectangular box. Other previous results [16, 17, 18] also in cartesian geometry, use the parallel flow approximation where only the horizontal component of the velocity field exists and a constant temperature gradient is imposed all over the fluid layer, even at the top boundary. We have not imposed this condition for temperature, but usual Newton law and this affects the results of the basic state in the same way as it did in Ref. [15] . For B = 1.25 we see in figure 2 that the solution for the temperature inside the box seems like that obtained in [15] . The profile at the bottom is linear as expected from the boundary condition, however at the top it approaches the constant ambient temperature. In the same way the velocity presents non zero vertical component as figure 3 shows. As conclusion we see that solutions of the basic state in cylidrical geometry are analogous to that obtained in cartesian coordinates. Comparing with the experiments in Ref. [12] we obtain the same kind of basic state of counterotating rolls perpendicular to the gradient. As our aspect ratio is smaller only two rolls are permitted, whereas they observe more than two rolls.
Linear stability of the basic state
The stability of the basic state is studied by perturbing it with a vector field depending on the r, θ and z coordinates in a fully 3D analysis:
where the superscript b indicates the corresponding quantity in the basic state and the bar refers to the perturbation. As the boundary conditions in the angular direction are periodic it is possible to take the Fourier modes in that coordinate. We replace the expressions (33)-(37) into the basic equations and after linearizing the resulting system, we obtain the following eigenvalue problem (the bars have been dropped):
The following boundary conditions for the pertubations are obtained,
together with
(49)
Numerical method
The eigenvalue problem is discretized with the Chebyshev collocation method used for the basic state. Now there is a new field, the angular velocity, which is expanded as follows,
In order to calculate the eigenfunctions and thresholds of the generalized eigenvalue problem the equations are posed at the collocation points with the rules explained in the appendix, so that a total of 5(N + 1)(M + 1) algebraic equations are obtained with the same number of unknowns. If the coefficients of the unknowns which form the matrices A and B satisfy det(A − λB) = 0, a nontrivial solution of the linear homogeneous system exists. This condition generates a dispersion relation
, equivalent to calculate directly the eigenvalues from the system AX = λBX, where X is the vector which contains the unknowns. If Re(λ) < 0 the basic state is stable while if Re(λ) > 0 the basic state becomes unstable.
Convergence of the global numerical method
To carry out a test on the convergence of the global numerical method (calculation of the basic state and subsequent linear stability analysis) we compare the differences in the thresholds of the differences of temperature (∆T ) to different orders of expansions for different aspect ratio systems. In table I the thresholds for these states are shown for four consecutive expansions varying the number of polynomials taken in the r (N) and z (M) coordinates. ¿From the table it is seen that convergence is reached within a relative precision for ∆T c of 10 −2 . If M is increased the difference between successive expansions is order 10 −1 while increasing N it is order 10 −2 . Increasing the orders of the expansions further, oscillations around the quoted values of the thresholds are observed. Therefore, better results for the thresholds can not be reached.
Results on the stability analysis
The stability analysis indicates that if the maximum real part of the growth rate λ in Eqs. (38)- (42) becomes positive the basic state turns unstable and the perturbation grows. In Fig. 4 we show the k dependence of λ for Γ = 10 at the threshold (∆T c = 6.4 o C) and below it (∆T c < 6.4 o C). The bifurcation is stationary since at the critical value k c = 20 the imaginary part of the eigenvalue is zero. For ∆T c < 6.4
o C, the basic state is a stable fixed point since it is found that Re(λ) < 0, ∀ k. Table II shows the critical value of the horizontal temperature gradient (∆T c ) and of the wave number for some basic states varying the aspect ratio. In this Γ range it is seen that ∆T c decreases when Γ decreases. On the other hand, the critical wave number k c decreases slightly when Γ decreases.
The similarity of our results with those of Ref. [15] shows that they are not strongly dependent on geometry. For values of the parameters Γ = 10, B = 1.25 analogous results are obtained. In this article ∆T c = 6.4
o C while in [15] ∆T c = 6.8
o C. The wave number, in Ref. [15] is k c = 2.4, which corresponds to a range of 12 − 36 periods respectively in the inner and outer radii of the annulus. This suits rather well with the critical wave number that we obtain which is k c = 20. The critical wave number shows that a 3D structure appears which consists of stationary longitudinal rolls (rolls perpendicular to the angular direction), in good agreement with those in Refs. [16, 17, 18, 19, 20] as it is explained in Ref. [15] . The growing perturbation also has structure along the transverse plane as Fig. 5 shows. It appears near the hot side as it is also reported in Refs. [15, 21] perhaps because the vertical temperature gradient is greater at this boundary. This is suggested by the fact that this kind of structure is also observed in other studies about inhomogeneous heating [22] . The physical situation we describe is related to that of experiments in Ref. [12] . We obtain the same counterotating rolls. But, the next bifurcation is different due to the fact that it depends on the aspect ratio [20] and the ranges we explore are out of the ones reported in [12] . It would be interesting also to study the influence of finite Prandtl numbers on these results which is planned for future work.
Conclusions
We have studied a BM lateral heating problem in a cylindrical annulus. The problem has been solved with a Chebyshev collocation method by keeping the original Navier-Stokes equations. Following the scheme developed in [10] appropriate boundary conditions are posed for pressure. Results are shown not to be strongly dependent on geometry since similar results to those reported in [15] for a cartesian geometry have been found.
Basic solutions, thresholds of the instability and the growing perturbation have been calculated. In the basic solution counterotating rolls as those reported in experiments [12] have been obtained. It has been found that the system presents a stationary bifurcation which develops a 3D structure which is a Fourier mode along the angular coordinate and that in the r − z plane presents a strong inhomogeneity near the hot side.
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